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?zeiaeyigd zxez idnozipy zeirad z` zbeeqnd zihnzn dxez `id zeiaeyigd zxez •.ziaeyig dxeva oze` xeztlmiihnzn mixe`iz mdy ,miiaeyig mil
ena mixfrp ep` ,jk myl •aeyig zekxrn ly dhytd mieedny.bpixeih zpekn mya iaeyig l
ena 
wnzp df qxewa •
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eqi ibyenlynl) zeize` ly dwix `l ziteq dveaw `ed zia-sl` •.(Γ = {a, b, c, d} ,Σ = {0, 1}.a"`dn zeize` xzei e` qt` ly iteq svx `id Σ a"` lrn zfexgn •.ε zpneqn dwixd zfexgnd.Σ∗ zpneqn Σ lrn zefexgnd lk zveaw.Σ∗ ly idylk dveaw-zz `id Σ a"` lrn dty •el`l dtya zefxgn oia dpgad – ziaeyig dira zx`zn dty lk •.dtya opi`y
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bpixeih zpekn:miaikx dyelyn zaken ihxhqa` ote`a ,bpixeih zpekn •.edylk iteq a"` jezn zeize` eilr aezkl ozipy iteqpi` hxq –.hxqd iab lr rpy azek/`xew y`x –lkle dpeknd ly avn lkl zraewd (ziteq) mixarn ziivwpet –z` ,xearz dpeknd eil` `ad avnd z` hxqd lr dritend ze`lr dpeknd fefz eil` oeeikd z`e hxqd lr aezkz dze` ze`d.hxqdx`y xy`k ,hxqd lr aezk hlwd dpeknd ly izlgzdd avna •`vnp dpeknd y`xe 
ala ♭ ipniq likn xnelk ,wix `ed hxqd.hlwd zligzahxqd xy`k lawn avnl dribn `id m` σ zefxgn zlawn dpeknd •.dvixd zligza σ zfexgnd z` liknzxver `l e` dge
 avnl dribn `id m` σ zfexgn dge
 dpeknd •.dvixd zligza σ zfexgnd z` likn hxqd xy`k4



xei` -- bpixeih zpekn
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zil`nxet dx
bd -- bpixeih zpekn:xy`k ,M = (Q, q0, qA, qR, Γ, ♭, δ) diriay `id bpixeih zpekn •.ziteq miavn zveaw `id Q –.izlgzd avn q0 ∈ Q –.lawn avn qA ∈ Q –.dge
 avn qR ∈ Q –.dpeknd ly d
ear a"` - Γ –.wixd oniqd - ♭ ∈ Γ –.dpeknd ly hlwd a"` - Σ = Γ \ {♭} –ziivwet - δ : ((Q \ {qA, qR}) × Γ) 7→ (Q × Γ × {L, R}) –.mixarnd
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bpixeih zpekn ly zeivxebitpew:xy`k c = (α, q, i) diyily `id M bpixeih zpekn ly divxebitpew •oniqd 
re ♭ epi`y oey`xd oniqdn hxqd okez `id α ∈ Γ∗
–.♭ epi`y oexg`d-e ;igkepd avnd `ed q ∈ Q –.α zligzn y`xd mewin `ed i ∈ I –,q = qA m` zlawn divxebitpew `xwz (α, q, i) divxebitpew •ziteq divxebitpew `xwz divxebitpew .q = qR m` dge
 divxebitpewe.dge
 e` zlawn `id m``id σ hlw ozpda bpixeih zpekn ly zizlgzd dvxebitpew •.c0 = (σ, q0, 0)zxg`l zg` divxebitpewn xarn `ed bipxeih zpekn ly aeyig 
rv •.dpeknd ly δ mixarnd ziivwpet itl
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bpixeih zpekna aeyigly dx
q `ed σ hlw xear M bpixeih zpekn ly aeyig lelqn •divxebitpewdn 
g` aeyig 
rva ze
xtend zeivxebitpewmeiq `ll e` (iteq lelqn) ziteq divxebitpewl 
re zizlgzd.(iteqpi` aeyig lelqn)

σ lr M ly aeyigd lelqn σ ∈ Σ∗ hlw zlawn M bpixeih zpekn •.zlawn divxebitpewa miizqn

M -y Σ∗ -a zefexgnd lk zevaw `id M bpixeih zpeknly dtyd •.zlawn

σ lr M ly aeyigd lelqn m` σ hlw lr zxver M bpixeih zpekn •.iteq `edlk lr zxvere L ⊆ Σ∗ dtyd z` zlawn M bipxeih zpekn m` •.L dtyd z` drixkn M -y xn`p ,σ ∈ Σ∗ hlw
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`nbe
 - bpixeih zpekn.Q = {q0, q1, q2, q3, q4, q5, q6, qA, qR} miavn zveaw •

{0, 1, ♭} d
ear a"` •

♭ 1 0 hlw ze`/avn

(qA, ♭, R) (q2, ♭, R) (q1, ♭, R) q0

(q5, ♭, L) (q3, 1, R) (q1, 0, R) q1

(qR, ♭, R) (q4, 1, R) (q2, 0, R) q2

(qR, ♭, R) (q3, 1, R) (q1, 0, R) q3

(q5, ♭, L) (q4, 1, R) (q2, 0, R) q4

(qA, ♭, R) (q6, ♭, L) (q6, ♭, L) q5

(q0, ♭, R) (q6, 1, L) (q6, 0, L) q6
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bpixeih zpekn ly 
e
iwlk x`zl ozip okl ,iteq jxe` zlra `id bpixeih zpekn ly dx
bd •.iteq jxe` zlra mihia zfexgn i
i lr bpixeih zpeknxg`le ,dpekna miavnd xtqn z` zix`pe` dxeva 

ewp ,lynl •avnd didi q0 xy`k x
qd itl mixarnd ziivwpet z` 

ewp oknze`e avn lkl .
e
iwa mipexg`d miavnd eidi qR -e qA -e oey`xd

log -k mihia xtqn) xearl yiy avnd xtqn z` meyxp hlw(mihia ipy) (0, 1, ♭) aezkl yiy hltd ze` z` ,(miavnd xtqn.(
g` hia) repl jixv ea oeeikd z`e.M dpeknd ly 
e
iwd z` 〈M〉 -a onqp •

10



zerixk.dze` drixkny bpixeih zpekn zniiw m` drixk z`xwp L dty •zniiqne ,zxver 
inzy bpixeih zpekn zniiw m` ,xnelkxear dge
 divxebitpewae L -a mihlw xear zlawn divxebitpewa.L -a mpi`y mihlw.zerixkd zetyd zveaw z` R -a onqp •
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RAM -d l
enoexkifl zi`xw` dyib zlra dpekn ly l
enl dlewy bpixeih zpekn •.iteq jxe` zlra dpkez mr iteqpi` l
eb lra.mixikn ep`y aygn zekxrnl daeh divwxhqa` `ed df l
en •i
i lr zerixkd zetyd zveawy oaena `id mil
end zeliwy •.RAM i
i lr zerixkd zetyd zveawl deey bpixeih zpekn
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dxivrd ziira.dpekz ly zeni`a ziqiqa dira dpd dxivrd ziira •rixkdl σ hlwe M bpixeih zpekn ly 
e
iw ozpida :`id dirad •.σ hlwd ozpda zxver M m`d

〈M, σ〉 hlwe zepekn ly mi
e
iwd lk zty `id HP dtyd ,xnelk •.σ lr zxver M -y jk

M m`y `id dirad .σ lr M ly dvixd z` dn
p :(ieby) oexzt •`l `id f`e ,xevrz `l eply dn
nd dpeknd mb σ lr zxver dpi`.zyweand dtyd z` rixkz.drxkdl zpzip dpi`y dira dpd dxivrd ziira •z` drixknd MHP bpixeih zpekn zniiwy dlilya gipp :dgked •:`ad ote`a M ′ bpixeih zpekn dpap .HP,miinrt eze` wizrze bpixeih zpekn ly 
e
iw hlwk lawz M ′
–.
e
iwd zligzl repz f`e13



iavn lk z` wizrp) MHP enk wei
a lrtz M ′ ,okn xg`l –. qR e` qA miavndn 
g`l ribz efy 
r (MHP.ziteqpi` d`lell qpkiz M ′ dpeknd ,qA -l dribd MHP m` ∗

q′A lawnd avnl xearz M ′ dpeknd ,qR -l dribd MHP m` ∗ly 
e
iwd lr xnelk ,〈M ′〉 hlwd lr M ′ zvix z` ogap ,zrk.dnvrlr qA avnl ribz MHP if` 〈M ′〉 hlwd lr zxver M ′ m` –,〈M ′〉 hlwd lr ziteqpi` d`lell qpkiz M ′ okle 〈M ′, M ′〉.dgpdl dxizqalr qR avnl ribz MHP if` 〈M ′〉 hlwd lr zxver `l M ′ m` –dxizqa ,〈M ′〉 hlwd z` lawze xevrz M ′ okle 〈M ′, M ′〉.dgpdldleki `l MHP -y lawzn okle mixwnd lka dxizql eprbd.HP /∈ R okle miiwzdl
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divwe
x`ed oeirxd .zxg` diral zg` dira xindl jx
 `id divwe
x •xeztl lkep m`y ixd ,'a diral '` diran divwe
x zniiw m`y'` dira m` ,dlilya e` .'` dira z` mb xeztl lkep ,'a dira z`.efk didz 'a dira mb ,drixk izla dpidlr zxver `id m` f : Σ∗ → Σ∗ divwpet zaygn M bpixeih zpekn •hxqd okez ,σ hlw xear dly ziteqd divxebitpewae σ hlw lk.f(σ) `ed ♭ epi`ydtyn divwe
x deedn fM divwpetd z` zaygnd M bpixeih zpekn •.L1 = {σ|fM (σ) ∈ L2} :miiwzn m` L2 ⊆ Σ∗ dtyl L1 ⊆ Σ∗:(L1 ≤ L2 oeniq) L2 dtyl L1 dtyn divwe
x zniiw m` •.drixk dpid L1 dtl mby ixd ,drixk dpid L2 dty m` –dpid L2 dty mby ixd ,drixk-izla dpid L1 dty m` –.drixk-izla15



divwe
x zxfra zerixk-i` zgked.U = {〈M, σ〉|σ hlwd z` zlawn M} :d`ad dtyd dpezp •.U -l HP -n divwe
x zxfra drixk-izla U -y gikep •z` zrvane 〈M, σ〉 
e
iw zlawnd MT bpixeih zpekn dpap •:M ′ dpekn zlawl M dpekn lr `ad 
eaird.qx avn 
er M -l dtiqen –.qx -l xearl qR -l mixarnd lk z` dpyn –zffde qx -l dxfg xarn qx xear mixarnd ziivwpetl dtiqen –.hlw ze` lk xear dpini hxqd.hxqd lr 〈M ′, σ〉 zaizka aeyigd z` zniiqn MT –.bpixeih zpekn i
i lr revial zpzipe aeyigl dheyt dpid ef dlert •

M ,〈M, σ〉 hlw xeary meyn U -l HP -n lr divwe
x deedn M •.σ lr zxver M ′ m"n` σ z` zlawn
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zeikeaiq
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?zeikeaiqd zxez idnzwqer ,aygl ozip dn dl`ya zwqer zeiaeyigd zxezy enk •.xiaq onfa aygl ozip dn dl`ya zeikeaiqd zxezdyw dnk dl`yl miper ep` zeikeaiqd zxez zervn`a hxta •.aeyigl dyw dirad m`d dl`yl `we
 e`le ,zniieqn dira aygl`ed (tM (σ) oeniq) σ hlw lr M bpixeih zpekn ly aeyig onf •drbdl 
r σ hlw lr M dpekn dyery aeyigd i
rv xtqn.σ lr zxver dpi` M m` ∞ e` ,ziteq divxebitpewlonfa z
aer M bpixeih zpekny xn`p .divwpet f : N → N idz •,σ ∈ Σ∗ lkly jk a, b ∈ R mireaw miniiw m` O(f(x)).tM (σ) ≤ a · f(|σ|) + b
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inepilet onfjk n ∈ N miiw m` inepilet onfa z
aer M bpixeih zpekny xn`p •.O(xn) onfa z
aer M -ybpixeih zpekn zniiw xy` zetyd lk zveaw z` P -a onqp •.oze` drixkne inepilet onfa z
aeryeidiy P -a zetydn miyxe
 ep`y meyn ,P ⊆ R -y al miyp •.zerixkj` ,oexzitl zepzip xy` zeira opyi ,xnelk .P 6= R ik re
i ,ok enk •.inepilet onfa oze` xeztl ozip `l
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zinepilet divwe
xdtyl L1 ⊆ Σ∗ dtyn zinepilet divwe
x deedn M bpxeih zpekn •.inepilt onfa z
aer `ide L2 -l L1 -n divwe
x `id m` L2 ⊆ Σ∗oeniq) L2 dtyl L1 dtyn zinepilt divwe
x zniiw m` •:(L1 ≤P L2.L1 ∈ P mby ixd ,L2 ∈ P m` –. L2 /∈ P mby ixd ,L1 /∈ P m` –
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zihqipinxh
-`l bpixeih zpeknly ax xtqn rval leki xy` ,i`lt iaeyig l
en epnvrl x`zp •.liawna miaeyig`l` ,dlibx bpixeih zpeknl dne
 ,zihqipinxh
-`l bpixeih zpekn •zelert ly dveawl xearl dleki mixarnd ziivwpety.(hxqd zrepz,hlt,avn)miax aeyig ilelqn rval dleki zihqipinxh
-`ld dpeknd •.hlw lk xear mipeyelelqn miiw m` σ hlw zlawn M zihqipinxh
-`l bpixeih zpekn •.zlawn divxebitpewa miizqnd σ lr M ly aeyiglelqn lk m` σ hlw dge
 M zihqipinxh
-`l bpixeih zpekn •.xver `l e` dge
 divxebitpewa miizqn σ lr M ly aeyig
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`nbe
 -- zihqipinxh
-`l bpixeih zpekn`ed xtqn m`d dpigal zihqipinxh
-`l bpixeih zpekn x`zp •:(ipey`x `l) wixtzextq xtqn ,hlwd xg`l ,hxqd lr aezkla dligzn dpeknd –.zihqipinxh
 `l dxeva hlwd jxe`l ddfdwelig zervn`a hlwa aezkd xtqnd z` zwlgn dpeknd –.zihqipinxh
 `l dxeva azkp xy` xtqna jex`.lawn avnl zxaer dpeknd ,zix`y `ll wlgzn xtqnd m` –.dge
 avnl zxaer dpeknd ,zxg``ed ea xtqn `vni 
inz wixt xtqnly meyn ,z
aer efd dpeknd •.lawz dpeknd ea 
g` aeyig lelqn zegtl didi okle ,wlgzn.yx
pk ,aeyig lelqn lka .dg
z dpeknd ,ipey`x hlw xear
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zihqipinxh
 dpeknl zeliwy

M ′ zihqipinxh
 h"n zniiw M ziqipinxh
-i` h"n lkl :htyn •,miiteq M ly aeyigd ilelqn lk m` ,sqepa .dty dze` zlawny.zxver 
inz M ′ if`zihqipinxh
 h"n dpap .zihqipinxh
-i` h"n M idz :dgked •.M ′ dlewyly urk M ly aeyigd ilelqn lk z` x`zl ozipy al miyp •.zeivxebitpewxevrze ,zeivxebitpewd ur ly BFS zwixq rvaz M ′ dpeknd •m` dg
ze xevrze ,zlawn divxebitpew z`ven `id m` lawze.urd z` wexql dniiq `id

M -l miiw m"n` zlawn `idy meyn M -l dlewy l"pd dpeknd •if` ,miiteq M ly aeyigd ilelqn lk m` ,ok enk .lawn lelqn.
inz xevrz M ′ okle iteq dly zeivxebitpewd ur mb23



ihqipinxh
-`l inepilet onfoeniq) σ hlw lr M zhqipinxh
-`l bpixeih zpekn ly aeyig onf •lr M dpekn dyery ilniqwnd aeyigd i
rv xtqn `ed (tM (σ),dly aeyigd ilelqn lk oia ziteq divxebitpewl drbdl 
r σ hlw.σ lr zxver dpi` `id ea aeyig lelqn M-l yi m` ∞ e`zpekn xear mb ddf ote`a x
ben inepilet onfa d
ear ly byend •.zihqipinxh
-`l bpixeihbpixeih zpekn zniiw xy` zetyd lk zveaw z` NP -a onqp •.oze` drixkne inepilet onfa z
aery ihqipinxh
-`leidiy NP -a zetydn miyxe
 ep`y meyn ,NP ⊆ R -y al miyp •.zerixkh"n oi` j` ,zerixk ody zety yi ,xnelk .NP 6= R ik re
i ,ok enk •.oze` drixkne inepilet onfa z
aery zihqipinxh
-`l
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NP -l P oia xywdh"n mb `id zihqipinxh
 h"n lky meyn ,P ⊆ NP ik al miyp •.aeyig i
rv xtqn eze`a dty dze` zlawnd zihqipinxh
-`lir
na dgezt dl`y `id P ( NP e` P = NP m`d dl`yd •.aygndzpigan ,ihqipinxh
-`l aeyiga zlrez yi m`d re
i `l ,xnelk •.inepilet onfa xeztl ozipy zeirad beq.L′ ≤P L miiwzn L′ ∈ NP dty lkl m` dyw-NP `xwiz L dty •.NP -a dty lk enk zegtl dyw L dty ,xnelk.dyw-NP `ide L ∈ NP m` dnly-NP `xwiz L dty •
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wew htynozipy xnlk ,dnly-NP `idy dty zniiw m`d dl`yd zl`yp •xzei dyw `id j` ,zihqipinxh
-`l h"n zervn`a dze` xeztl.NP -a zxg` dira lknh"n ze`xdl jxhvp dnly-NP diray ze`xdl i
k •divwe
x ze`xdle ,inepilet onfa dze` drixkny zihqipinxh
-`l.ef diral NP -a dira lkn zinepilet
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weqt opzida :d`ad dirad `id (SAT ) miweqtd zewitq ziira •mexbz xy` weqtd ipzynl dnyd zniiw m`d ,miweqtd aiygza?TRUE zn` jxr lawl weqtldqpze dnyd ygpz heyt ef dira oexztl zihqipinxh
-`l h"n •gihadl i
k dwitqn zg` zwtqn dnyd .weqta dze` aivdl.lawz dpeknd ea aeyig lelqnz` mbxzl zexyt`dn zraep NP -a dira lkn divwe
x meiw •weqtl dly hlwde dirad z` zxzetd zihqipinxh
-`ld dpekndonfa hlwd z` zlawn dpeknd m"n` witq `edy dwibela.inepilet.dnly-NP `id SAT -y raep o`kn •
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zenly-NP zeira 
er2 lk oia driqpd zelre mixr n ly sxb oezp -- rqepd okeqd ziira •mixrd lk oia xaerd ilbrn lelqn miiw m`d rixkdl yi .mixr.k -n xzei `l ly zelraxy`k rqepd okeqd zira ly ihxt dxwn -- ipehlindd lbrnd ziira •.mixrd xtqn `ed k -e seqpi` e` 1 md mixr bef lk oia miwgxndikxr miniiw m`d drxkd -- 0/1 minlya zepkzd ziira •:mi`ad mipeieey-i`d z` miniiwnd x1, x2, . . . , xn ∈ {0, 1}

a11x1 + a12x2 + · · · + a1nxn ≤ b1

a21x1 + a22x2 + · · · + a2nxn ≤ b2

...
...

...

am1x1 + am2x2 + · · · + amnxn ≤ bm.mipezp aij ikxr xear28



oexkif zeikeaiqzyx
pd oexkifd zenk ,aeyigd onfl sqepa ,epze` zpiiprn minrtl •.aeyigl

a, b ∈ R mireaw miniiw m` O(m) oexkifa z
aer M bpixeih zpekn •`ed mM (σ) xy`k ,mM (σ) ≤ a · f(|σ|) + b ,σ ∈ Σ∗ lkly jk.σ lr M zvix jldna dpeknd ly y`xdy mipey minewind xtqn

n ∈ N miiw m` inepilet oexkifa z
aer M bpixeih zpekny xn`p •.O(xn) oexkifa z
aer M -y jkzeihqipinxh
 bpixeih zepekn xear zepekp l"pd zex
bdd •.
g`k zeihqipinxh
-i`e
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Savitch htyne oexkif zeikeaiq zewlgnzeihqpinixh
 bipxeih zepekn i
i lr zelawznd zetyd zwlgn •.PSPACE z`xwp inepilet oexkifa ze
eary`l bipxeih zepekn i
i lr zelawznd zetyd zwlgn •.NPSPACE z`xwp inepilet oexkifa ze
eary zeihqpinixh
:ze`ad zelkdl al miyp •

P ⊆ NP ⊆ PSPACE ⊆ NPSPACE`l dpekn ly ihxt dxwn `id zihqipinxh
 dpekny meyni"r zihqipinxh
-`l dpekn ly divleniqd ike ,zihqipinxh
.
ala inepilet oexkif zyxe
 zihqipinxh
 dpekn-y giked Savitch (1970) ,riztn ote`a •oexkifa xeztl ozipa dira lk xnelk ,PSPACE = NPSPACEoexkifa xeztl ozip ,zihqipinxh
 `l dpekn i
i lr inepiletzihqipinxh
 dpekn i
i lr mb inepilet30


