
Multi Agent Systems - Le
ture 10Vi
tor Dwe
k2007-01-10ConsiderationsIn this le
ture Prof. Moshe Tennenholtz presented the work published onthe paper On the Foundations of Qualitative De
ision Theory (Brafman andTennenholtz, 1996).Their aim in this paper is to initiate a work on the foun-dations of qualitative de
ision making similar to the one initiated by LeonardJ. Savage 1 and 
ontinued by others on quantitative de
ision making.The Basi
 ModelLet's de�ne the agent's model and the 
on
ept of a poli
y, whi
h formallydes
ribes the agent's behavior:
• S - the set of possible states of the environment
• A - the set of possible a
tions
• L = 2S - the set of possible information states; the power set of S

• P : L → A - an expli
it representation for a poli
y, assigning an a
tionfor every possible information stateDe�nition 1 (maxmin representation). We say tha a Poli
y may have amaxmin representation if there exists a utility fun
tion on A × S su
h thatfor every l ∈ L we have
P (l) = arg max

a∈A

min
s∈l

{u(a, s)}1The Foundations of Statisti
s, 1972 1



Consider the maxmin representation of a poli
y given below:
s1 s2 s3 s4 s5a 1 2 -1© 2 4b 1 3 0 -7© 4

→ 
 5 2 5 0© 1The information state 
onsidered is l = {s1, s3, s4} . Pay attention thata

ording to the maxmin 
riteria, the last row is 
hosen as the a
tion takenby the agent.Binary Poli
iesDe�nition 2 (Closed Under Unions). A poli
y P is 
losed under unions if
P (u) = P (w) → P (u ∪ w) = P (u) for every u, w ⊆ S.Let's take as an example the binary poli
y of taking a sweater togetherwith you, when going out. There are three possible states for the environ-ment: S = {cold, ok, hot} and two possible a
tions, take the sweater or not:{YES or NO}. The expli
it representation of the problem is exponential
O(|A||S|): {
old} {ok} {hot} {
,o} {
,h} {o,h} {
,o,h}sweater YES NO NO YES NO NO NOThe maxmin representation of the same problem 
an be de�ned in
O(|A| ∗ |S|): {
old} {ok} {hot}YES 3 2 0NO 1 3 3Rational Attitude If you believe that a binary poli
y de�nes a rationalattitude, then you believe in a solution using the maxmin representationtable. The 
al
ulation is very simple. Unfortunately, people don't behavea

ording to this representation and the maxmin 
riteria.Maxmin representability How 
an we guarantee that a poli
y 
an berepresented using the maxmin qualitative format shown above?De�nition 3. Consider u, w ⊆ S, we say that u dominates w (u >P w) , if
P (u ∪ w) = P (u) and P (u) 6= P (w). 2



Claim 1 (Transitivity). Let P be a binary poli
y 
losed under unions, and
u1 >P u2 >P · · · >P uk. If P (u1) 6= P (uk) then u1 >P uk.Proof. Assume that u >P v >P w >P x. Let A = {a, a′}. Suppose w.l.o.g.that P (u) = a. Sin
e u >P v >P w >P x, P (v) = a′, P (w) = a and
P (x) = a′. We need to show that P (u ∪ x) = a. Suppose in negationthat P (u ∪ x) = a′. Sin
e v >P w, P (v ∪ w) = a′. Closure under unionsimplies that P (u ∪ x ∪ v ∪ w) = a′. u >P v and w >P x imply that
P (u ∪ v) = a and P (w ∪ x) = a, respe
tively. Closure under unions impliesthat P (u∪v∪w∪x) = a whi
h is a 
ontradi
tion. Therefore, P (u∪x) = a.Algorithm: Utility Fun
tion AssignmentThe algorithm presented below assigns u(a, s) for every element in A × S,given a poli
y P .1. Set i to 0 and T to S.2. [highest payo�℄ For ea
h v ∈ S let u(P (v), v) = n = |S|.3. [Dominant States℄ Let U = {s ∈ T | ∄v ∈ T su
h that v >P s}.4. ∀a ∈ A, s ∈ U su
h that a 6= P (s) assign u(a, s) = i .5. Let i = i + 1 and T = T \ U .6. If T = φ, then terminate. Otherwise, go to step 3.Claim 2 (Preferred A
tion). For every information state l, there is a uniquepreferred a
tion.Proof. A
tions are equally preferred only if they have the same worst 
asepayo�. This 
an be the 
ase only if the set U at this stage 
ontains states sand v, on whi
h P assigns di�erent a
tions. However in this 
ase s >P v or
v >P s (based on the a
tion assigned to {s, v}), and therefore s and v 
annotbe in U simultaneously.Claim 3 (Identi
al Behavior). Applying maxmin in the 
onstru
ted utilitiesresults in a behavior identi
al to the one de�ned by the original poli
y.Proof. Noti
e that it trivially holds for every l where P (l) = 1 (under 
er-tainty).Suppose that maxmin 
hooses a on U , then for some w ∈ l, u(w, a′) isthe worst utility on U (and in w P sele
ts a).3



Denote by Sa the states in U where a is sele
ted and Sa′ the states where
a′ is sele
ted. Our 
laim is that if v ∈ S ′

a
, then w >P v.To see this, 
onsider our 
onstru
tion pro
ess: Sin
e u(w, a′) is minimal,w must have been 
hoosen in step 3 before all other elements in U .Hen
e, there is no v ∈ S ′

a
su
h that v >P w. However, sin
e the a
tionstaken in the elements of Sa′ and w are di�erent, then we must have w >P

v.Therefore, w >P v for every v ∈ S ′
a
.This implies that for every {v, w} the a
tion 
hoosen is a, sin
e U =

Sa ∪ S ′
a
∪ w and therefore 
losure under unions implies that P sele
ts a on

U .
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